Introduction.
This paper is concerned with the problem of determining necessary and sufficient conditions that a linear operator is the infinitesimal generator of a semi-group of bounded linear operators.
The first results in this direction were published independently by E. Hille [2] ') and K. Yosida [10] for semi-groups of operators satisfying the following conditions :
(c,) T(1) is strongly continuous at=0, (e;) T(1)<1+3 for sufficiently smcill, where (3 is a constant. Their results were later generalized to semi-groups of operators satisfying only the condition (c,) by R. S. Phillips [8] and the present author [4] , independently.
Further this result has been generalized to strongly measurable semi-groups of operators by w. Feller [1] . R. S. Phillips [9] and the present author [5] have recently given necessary and sufficient conditionsthat a given operator generates a semi-group of class (1, A) or of class (1, C, ). In the present paper we give a necessary and sufficient condition that a given operator generates a semi-group of class (0, A) or of class (0, Ca).
Definitions
and preliminary theorems. Let {T(1); 0<oo} be a semi-group of operators satisfying the following conditions (a) For each , 0<<cc, T(1) is a bounded linear operator from a complex Banach space X into itself and (2.1) T(s+)=T(1)T(1) for, 0, T(0)=I(=the identity).
(b) T(1) is strongly measurable on (0, cc) (see [2, Definition 3.3.2] ).
(c) fT(a)xd<oe for each x EX.
A consequence of (a) and (b) is that T(1) is strongly continuous for 0 (see [3] and [7] ). If T(1) satisfies the condition whenever the limit on the right hand side exists, is said to be the infinitesimal generator of {T(1); 0<oo}. It follows from (d) that if T(1) is a semi-group of class (0, A), the domain of Ao is dense in X (see [5] or [9] ). We denote by A the smallest closed linear extension of the infinitesimal generator Ao which is called the complete infinitesimal generator (c, i. g.).
Since TO is lower semi-continuous, log TO is a measurable subadditive function. Then it follows that o=inf log TO lim log TO 1, where -oo<o<oo [2, Theorem 6.6.1]. We shall now define R(X; A), for each X with R(h)2>> (Oo, by (2.3) R(X; A)x=Ie-T (1)xd for each x EX.
It is clear that this integral converges absolutely for X with R(X) moo. THEOREM 2.1 For each X with R(X)>coo, R(X; A) is a bounded linear operator on X into itself with the following properties: R(X; A)(X-A0)x=x for each x ED(Ao)", (X-A0)R(X;A)x=x for each x such that lira T-1 T(a)x d=x.
T-o
For the proof of this theorem, see [5] or [9] . The following theorems are due to R. S. Phillips [9] . THEOREM 2.2 If {T(1); 0<<oo} is of class (0, A), then there exists the complete infinitesimal generator A whose resolvent is R(X; A) for 1 with J1(h1 2) (i) denotes the real part of a.
3 Since 'log T(1) tends to a finite limit or to -oo as-oo (see section 2) and we can always replace T(1); 0<<oo} by the equivalent semigroup Ot operators {e-T(1); 0c<oo}, we may assume without loss of generality that T(1)x d<oo for each x EX THEOREM 3. 1 A necessary and sufficient condition that a closed linear operator A is the c. i. g. of a semi-group {T(1); 0c<oo} of class (0, A) with fT(a)x; d<c for each x EX, is that (iv) there exists a non-negative function f(x) defined on the product space (0, oo) x X having the following properties (a') for each x EX, f(x) is continuous for >0 and is integrable on (0,oo), (b') Rk>(X; A)x (-1) (X, x) for each x EX, all real X>0 and all integers k>0, where F(X, x) is defined by
for each x EX and for all X>0, and R' (X; A), Fck (X, x) denote the kth derivative of R(X; A), F(h, x) with respect to A, respectiveiy. Then T(a)x<f(x) for each x EX and for all>0, and
for each x EX and for all>0.
PROOF. Suppose that {T(1); 0S<oo} is of class (0, A) with IT(a)x d < oo for each x EX. We shall define R(X; A) for each A>0 by Hence we obtain the functional equation
Since by the definition of F(A, x) 
It follows from (3.4) and (3.5) that
Since, for each x EX, f(x) is continuous for>0 and is integrable on (0, oo), it follows from Theorem 2.3 that fA(x) converges uniformly to f(x) in every closed interval [6, 1/6], 6>0, where TA(1)x-T(1)xc M2ME Ax for x ED(A'), where 5 is a number such that 0<(<1/5. Thus the limit lira T, (1)x exists for x ED(A2).
On the other hand it follows from (3.2). (3.8) and (ii) that D(A2) is dense in X. Since by (3.7) sup Ta(i) c ME for all such that 0<1/(5, the limit lira T(1)x exists for all x E X and for all>0, which we denote by T(a)x. Since TA(B) is a semi-group of bounded linear operators strongly continuous on (0, ox), TO is strongly measurable on>0.
We have by (3.
7) T(1)TA(1)x-T(1)T(1)x T(1)T(j)x-T(ij)x+T(ij)T(1)x-T(1)x ME{Tx-T(ii)x+TA(1)x-T(1)x}, where (5 is a positive number such that (<<1/5
and &<1/5. Thus we get for each x EX lira TA(1)TA(i)x=T(1)T(1)x, so that {T(1); 0<<oo} is a semi-group of bounded linear operators, where T(0)=I. Accordingly, {TO; 0<oo} is strongly continuous for>0. By (3.6) (3.10) T(1)xd<1x-fe-(hf
We have by the Fatou lemma T(1)x, d<f(x)d<0
for each x EX.
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We now define R(X; A), for each h with R(X)>0, by T xcf (x) for each x E X and>0.
This concludes the proof of Theorem 3.1. THEOREM 3.2 Let a be a positive integer. A necessary and sufficient condition that a semi-grout of class (0, A) is of class (0, Ca), is that there exist real numbers M>0
and cv 0 such that
where R(X; A) is defined by (2.3).
In case of a=1 this theorem is due to R. S. Phillips [9] and the preser author [5] , and the general case is due to the present author [6] . In pai ticular, if JT(a)x ds<oo for all x EX or T(1) W for sufficiently large, then (3.15) may be replaced by k-a+1 sup Akk(k-1-k-a+1k-a+1-i) From Theorems 3.1 and 3.2, we get the following THEOREM 3.3 Let a be a positive integer. A necessary and sufficient condition that a closed linear operator A is the c, i.g. of a semi-group {T(1); a <oo} of class (0, Ca) with T(1)x Id<oo for each x EX, is that (i') the spectrum of A is located in R(x)<0, (ii') D(A) is a dense linear subset in X, (iii') there exists a real number M>0 such that
for all real X>0 and for all integers k>a, where R(X; A) is the resolvent of A, (iv') there exists a non-negative function f(x) defined on the product space (0, oo) x X having the following properties:
is continuous for>0 and is integrable on (0, oo),
for each x EX, all real X>0 and all integers k>0, where F(X, x) is defined by
for each x EX and f cr all X>0, and R(k)(X; A), Fck> (X, x) denote the k-th derivative of R(X; A), F(X, x) with respect to X, respectively.
If {T; 0<<oo} is of class (0, C,), then the infinitesimal generator of T(1) is closed (see [5] or [9] ). Thus we have the following REMARK. The notion of the cpmplete infinitesimal generator was introduced by R. S. Phillips [9] . If, instead of the c. i. g., we define the (C, 1)-continuity set by={x; Jim-T (1) Theorem is now completely proved. We note that Theorems 3.2 and 3.4 together give a necessary and suf 1. cient condition that a linear operator is the infinitesimal generator of a semi-group of class (0, Cx). If {TO; 0<<oo} is a semi-group of class (0, CI), y=X and the norm N(x) is equivalent to the original one. Thus, we get also Corollary 3.3'.
